Stable equivalence of dualizing R-varieties. V. Artin algebras stably equivalent to hereditary algebras  by Auslander, Maurice & Reiten, Idun
ADVANCES IN MATHEMATICS 17, 167-195 (1975) 
Stable Equivalence of Dualizing R-Varieties. V. 
Artin Algebras Stably Equivalent to Hereditary Algebras* 
MAURICE AUSLANDER 
Department of Mathematics, Brandeis University, Waltham, Massachusetts 02I54 
AND 
IDUN REITEN 
Department of Mathematics, University of Trondheim, 7000 Trondheim, Norway 
We begin with a brief review of the Wedderburn correspondence, 
for particulars see [2]. Consider the category (Rings, Modules) consisting 
of pairs (A, M) where A is a ring and M is a (left) A-module. Consider 
the map End on this category given by 
End(A, M) = (End,(M)OP, Hom,(M, A)). 
If P is a projective P-module we say that P is a Wedderburn projective 
P-module if the natural ring morphism 
r + Hom,,do,op(Hoq-(~, 0, Hom#‘, r>> 
is an isomorphism. Then End gives a one-one correspondence between 
pairs (A, M) with M a generator and pairs (P, P) with P a Wedderburn 
projective P-module. This correspondence is called the Wedderburn 
correspondence. 
Let X be a P-module and 0 --t X --f E,(X) -+ E,(X) a minimal 
injective copresentation for X. Let Z(X) = Ker,B(X)UE,(X) denote the 
localizing subcategory of Mod P consisting of the P-modules Y with 
Homr(Y, E,(X) u[ E,(X)) = 0. Th en P is a Wedderburn projective 
P-module if and only if the category C, consisting of all P-modules M 
such that Homr(P, M) = 0 is contained in Z(F). We say that P is a 
* This research was partially supported by the NSF and the Norwegian Research 
Council. 
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minimal Wedderburn projective if C, = Z(r). Thus if M is a generator 
for /l and (P, P) = End((l, M)), then P is a minimal Wedderburn 
projective r-module if and only if Z(M) = 0. 
Our main concern in this paper is to show how the Wedderburn 
correspondence can be used to study artin algebras which are stably 
equivalent to hereditary algebras. We recall from [4] that an artin algebra 
/l is stably equivalent to an hereditary algebra if and only if it satisfies 
the following conditions. 
(i) Each indecomposable torsionless /I-module is simple or 
projective. 
(ii) Each simple torsionless non-projective cl-module is a factor 
of some injective (I-module. 
Sections 1 and 2 are mainly devoted to developing technical results 
concerning the Wedderburn correspondence which are applied in 
Section 3 to studying algebras stably equivalent to hereditary algebras. 
As an illustration of the types of results obtained we cite the following. 
Let (1 be an artin algebra with a finite number of indecomposable 
torsionless modules, and let M denote the sum of one copy of each of 
them. Let r = End,(M)Op. Then 
(a) gl.dim. r < 2. 
(b) (1 is stably equivalent to an hereditary algebra if and only if r 
is stably equivalent to an hereditary algebra. 
This result obviously gives a way of creating algebras stably equivalent 
to hereditary algebras from others which are also stably equivalent to 
hereditary algebras. Examples are also given which show that the two 
conditions (i) and (ii) in the characterization of algebras stably equivalent 
to hereditary algebras are independent. 
In Section 5 we show that two stably equivalent artin algebras have 
the same Loewy length and the same number of nonprojective simples 
if they are stably equivalent to hereditary algebras. The paper ends with 
an example of two stably equivalent algebras of different Loewy length. 
1 
Throughout this section we assume that all generators are finitely 
generated modules. Now, as we pointed out in the introduction, the 
Wedderburn correspondence associated with the pair (A, M) where M 
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is a generator, a pair End(A, M) = (P, P) with P a Wedderburn 
projective P-module. We start this section with a description in terms of 
(P, P) = End (A, M) of when M has the property that V(M), the cate- 
gory of all summands of finite sums of M, is closed under submodules. 
As a preliminary result we prove the following. 
LEMMA 1.1. If A is an artin algebra and E an indecomposable injective 
A-module, then there is a torsionless A-module N such that E is in 
W&V LI -WY). 
Proof. Let E be an indecomposable injective A-module. Then 
E = E,,(S), the injective envelope of a simple A-module S. If S is 
torsionless, we are done. If S is not torsionless, consider the exact 
sequence 0 --f rP + P + S -+ 0, where P is the projective cover of S 
and r denotes the radical of A. Since rP is not zero, soc(rP) = sot P, 
where sot X denotes the socle of X. Hence E,,(rP) = E,,(P), and we have 
monomorphisms S = PjrP -+ E,,(rP)/rP+ E,(rP), so that E = E,(S) 
is a summand of E,(rP). Hence E is in V(E,,(rP) u E,(rP)). Since rP is 
torsionless, the lemma is proven. 
As an immediate consequence of Lemma 1 .l and the definition of 
minimal Wedderburn projective modules (see Introduction), we have 
the following. 
LEMMA 1.2. Suppose M is a generator for A such that V(M) is closed 
under submodules. If (P, P) = End(A, M), then P is a minimal Wedderburn 
projective module. 
We now point out other consequences for (P, P) = End(A, M) of the 
assumption V(M) is closed under submodules. 
PROPOSITION 1.3. Let A be an artin algebra with a generator M such 
that V(M) is closed under submodules, and let (P, P) = End(A, M). Then 
(a) gl.dim. P < 2. 
(b) PMw7 LI &(O G 1. 
Proof. (a) Let mod A and mod P denote the categories of finitely 
generated (left) A and P-modules. We know that Hom,(M, ): mod A -+ 
mod P is a fully faithful functor, whose restriction to V(M) induces 
an equivalence between V(M) and p(P), the category of finitely generated 
projective P-modules. Let f: PI -+ Pz , where PI and Pz are finitely 
generated projective P-modules. Let g: MI --t M2 , with Mr and M2 in 
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V(M) be such that Hom,(M, g) = f. The exact sequence 0 -+ Ker g -+ 
Ml + M2 then gives rise to the exact sequence 
0 -+ Hom,(M, Ker g) -+ PI + Pz 
of P-modules. Since by assumption V(M) is closed under submodules, 
Ker g lies in V(M). Hence Hom,(M, Ker g) is a projective P-module, and 
this finishes the proof that gldim. P < 2. 
(b) If 0 + X + X,(X) --t E,(X) is a minimal injective copresenta- 
tion for the A-module X, we know that 
0 -+ Hom,(M, X) + Hom,(M, &o(X)) -+ Hom,(M, E,(X)) 
gives a (minimal) injective copresentation for Hom,(M, X) over P [I]. 
In particular, 0 --t F + (M, E,,(M)) -+ (M, E,(M)) gives a minimal 
injective copresentation for P. Hence it suffices to show that for a 
A-module X, pd,(M, X) < 1. To show this, let f: Ml -+ X be an 
epimorphism with Ml in V(M) such that (M, MJ -+ (M, X) -+O is 
exact. Then the exact sequence 
O-+(M,Kerf)-+(M,Mi)-+(M,X)+O 
shows that pd,(M, X) < 1, since Kerf is in V(M). This finishes the 
proof of (b). 
We now show that the conditions (a) and (b) of Proposition 1.3 are 
sufficient as well as necessary for V(M) to be closed under submodules. 
PROPOSITION 1.4. Let I’ be an artin algebra with gl.dim. P < 2, 
pd(Jh(r) LI w)) d 1, and P a minimal Wedderburn projective r-module. 
Then M = (P, r) is a generator for A = Endr(P such that V(M) is 
closed under submodules. 
Proof. Let Mod rl denote the category of all (left) A-modules. We 
denote by Hom,(M, Mod(A)) th e subcategory of all P-modules N which 
are of the form N = Hom,(M, N’) for some A-module N’. This 
category consists of the P-modules X which are injectively copresented 
over P, i.e., where I&(X) IJ &l(X) is in V(E,,(P) u &l(P)) [2]. We know 
that the restriction Hom,(M, Mod(A)) -+ Mod A of HomJP, *) is 
an equivalence of categories, and that the inclusion functor of 
Hom,(M, Mod(A)) into Mod I’ is left exact [2]. Let 2 be an object in 
V(M) and UC 2. Then (M, 2) is a projective P-module, which lies 
in Hom,(M, Mod(A)), and (M, U) C (M, 2) is a subobject in Mod P 
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which lies in Hom,(M, Mod(A)). We want to show that (M, U) is a 
projective F-module. We shall need the following. 
LEMMA 1.5. In the above situation let 0 + X’ -+ X -+ X” -+ 0 be 
an exact sequence of r-modules with X’ and X in Hom,(ik?, Mod(A)). 
Then pdX” < 1. 
Proof. We first observe that because gl.dim. r < 2, if Y is a sub- 
module of Z and pd Z < 1, then pd Y < 1. Now consider the following 
exact commutative diagram 
E&Y’). 
Since x’ and X are in Hom,(M, Mod(A)) we have that E&X’) and E,,(X) 
are in V(E,(F) 1l. &(I’)) so pd E&X’) < 1 and pd E,,(X) < 1. Hence 
because I splits we have that pd &(X)/Z&(X’) < 1. Now by the snake 
diagram we know that K is isomorphic to a submodule of E,(X’) and so 
pd K < 1. Combining this with the fact that pd E&X)/E&X’) < 1, it 
follows that pd X” < 1 since gl.dim. r < 2. 
This lemma shows that the module (M, U) in the proof of Proposi- 
tion 1.4 is a projective r-module, which finishes the proof of the 
proposition. 
We summarize our results in Theorem 1.6. 
THEOREM 1.6. Suppose (.4, M) is carried to (r, P) under the Weddev- 
burn correspondence, where M is a finitely generated generator and P a 
Wedderburn projective l%todule. Then V(M) is closed under submodules 
if and only if P is a minimal Wedderburn projective, gl.dim. r < 2 and 
Pd(Eo(r) LIE,(r)) G 1. 
We now describe when a finitely generated generator M is a sum of one 
copy of each of the indecomposable torsionless A-modules. 
607/17/z-6 
172 AUSLANDER AND REITEN 
THEOREM 1.7. Let A and I’ be artin algebras, such that (A, M) and 
(P, P) correspond under the Wedderburn correspondence where M is a 
finitely generated generator and P is a Wedderburn projective. Then M is 
torsionless and contains a copy of each of the indecomposable torsionless 
A-modules if and only if P is a minimal Wedderburn projective such that P 
is contained in a finite sum of copies of P, gl.dim. P < 2 and 
Proof. If M is torsionless, then M is contained a finite sum u A of 
copies of A. Hence (M, M) C IJ (M, A) which implies that P = (M, M) 
is contained in a finite sum of copies of P since P = (M, A). If P C 1l. P, 
a finite sum of copies of P, then M = (P, P) C JJ (P, P) = JJ A, finite 
sums, so that M is torsionless A-module. The proof now follows from 
Theorem 1.6. 
2 
Let P be an arbitrary ring and P a finitely generated projective 
P-module. In [2] we developed various connections between the category 
of P-modules and the category of A-modules where A = End,(P)op. 
Fundamental to this study was the functor Homr(P, m): Mod P+ Mod A. 
We begin this section with a brief review and elaboration of results in 
[2] which we need in Section 3. The section ends with a discussion of 
ways of constructing indecomposable modules from other inde- 
composable modules. 
We recall that the functor Hom,(P, a): Mod P-t Mod A has a right 
adjoint, which we denote by CY and which is defined by a(X) = ((P, P), X) 
for all X in mod A. To simplify the notation we denote the A-module 
(P, P) by M. An important property of a is the fact that the composition 
Mod A EL, Mod r = Mod A 
is the identity. Also associated with 01 is the full subcategory a of Mod P 
consisting of all P-modules which are injectively copresented over P, 
i.e., X is in a if and only if a minimal injective copresentation 0 -+ X + 
E,,(X) --f E,(X) has the property that (P, Y) + 0 if Y is a nonzero 
submodule of E,(X) or E,(X). It was shown in [2], that 
Hom,(P, .): Mod r --+ Mod A 
induces an equivalence from a to Mod A. 
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It was also shown that Homr(P, a) has a left adjoint given by /3(X) = 
P an X for all (I-modules X. As with the functor 01, the composition 
ModAL%Modr=ModA 
is the identity. Associated with /3 is the category P consisting of all 
P-modules which are projectively presented over P, i.e., X is in p if and 
only if there is an exact sequence IJ Pi --f IJ Pi + X---t 0 with the Pi 
and Pj summands of finite sums of P. As was the case with the category u, 
the functor Hom,(P, a): Mod P --t Mod fl induces an equivalence from 
f~ to Mod /I. 
In addition to OL and ,9, another functor y: Mod P-t Mod rl was used 
implicitly in [2] in studying the functor Homr(P, a) = Mod P+ Mod (1. 
The definition of y requires the notion of the P-torsion of a P-module 
introduced in [2]. If Y is a P-module, the P-torsion of Y, which is 
denoted by t,(Y), is the submodule of Y generated by all submodules 
Y’ of Y with the property Homr(P, Y’) = 0. The functor y: Mod /l -+ 
Mod P is given by y(X) = ,8(X)/t&3(X)) for all X in Mod (1. It is not 
difficult to see that for each X in Mod (1, the P-module y(X) has the 
property that t&(X)) = 0 and T&(X)) = y(X) where T&(X)) is the 
trace of P in y(X), i.e., 7,(7(X)) is the submodule of y(X) generated by 
homomorphic images of P. We denote by y the full subcategory of 
Mod P consisting of all F-modules Y such that tp( Y) = 0 and T~( Y) = Y. 
Obviously y is the same thing as the subcategory C, of Mod P introduced 
in Section 6 of [2]. Consequently, we know by Proposition 6.5 of [2] 
that Hom,(P, .): Mod I’ + Mod (1 induces an equivalence of categories 
from y to Mod II. 
We conclude these preliminary remarks by pointing out that the 
composition 
ModALModrHOmro,ModA 
is the identity. To see this we observe that because P is projective and 
Homr(P, t,@(X)) = 0, we have that 
Horn&‘, r(X)) = Hom& S(X)). 
Hence the fact that the composition 
ModA”- ModrHomr’P”‘ModA 
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is the identity implies that the composition 
Mod/l’-ModP=ModA 
is the identity. 
We now list the main properties of the functors 01, fl and y that we need 
in Section 3 as well as in the rest of this section. 
PROPOSITION 2.1. Suppose X is a A-module. 
(a) (i) If X + 0, then X is simple if any of the P-modules a(X), 
/3(X), y(X) is simple. 
(ii) y(X) is simple if and only if X is simple. 
(b) X is an injective A-module if and only zf a(X) is an injective 
I-module. 
(c) X is a projective A-module if and only if /3(X) is a projective 
P-module. 
(d) (i) X is a projective A-module if y(X) is a projective P-module. 
(ii) Suppose P is a Wedderburn projective P-module such that M 
is a finitely generated A-module. Then a(X) is a projective 
P-module if X is a projective A-module. 
(e) Suppose P is a Wedderburn projective P-module and X is a 
summand of M. Then CL(X) is a projective P-module. 
Proof. (a)(i) By Corollary 6.3 of [2] we know that if Y is a simple 
P-module and Hom,(P, Y) + 0, then Homr(P, Y) is a simple A-module. 
Let X be a nonzero A-module such that a(X), p(X) or y(X) is a simple 
P-module. Since 
X = Hom,(P, a(X)) = Horn&‘, p(X)) = Horn&‘, y(X)) 
annfdu~eO, it follows that X is simple if a(X), /3(X) or y(X) is a simple 
(ii) We only have to show that if X is simple, then a(X) is simple. By 
Proposition 6.4 of [2], we know that there is a simple P-module Y in y 
such that Hom,(P, Y) c X as A-modules. As we have already observed, 
y(X) is also in y. Hence Hom,(P, Y) E X z Hom=(P, y(X)). Since 
Hom,(P, 0): y -+ Mod A is an equivalence of categories, the fact that 
Hom#, Y) = Hom#‘, y(X)) 
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implies that Y = y(X). Therefore y(X) is a simple r-module since Y 
is a simple r-module. 
(b) If X is an injective A-module, then it was shown in Proposition 3.4 
of [2], that a(X) is an injective r-module. 
Suppose now that a(X) is an injective r-module. Let 0 --+ U’ + U be 
an exact sequence of A-modules. Then 0 + C$ U’) --f a(U) is an exact 
sequence of r-modules. Hence 
HomA4Uh 49 + Hom,(ol( U’), (a(X)) -+ 0 
is exact since a(X) is an injective r-module. Hence 
Hom,(Hom,(P, a(U)), X) -+ Hom,(Hom,(P, a( U’)), X) --+ 0 
is exact since 01 is a right adjoint of Hom,(P, *). But Horn,@‘, o(U)) = 
U and Hom,(P, a( U’)) = u’. Therefore Hom,( U, X)+Hom,( U', X) --+O 
is exact, which shows that X is an injective A-module if a(X) is an 
injective r-module. 
(c) Follows by analogy with (b). 
(d)(i) Suppose y(X) = fl(X)jt,@(X)) is a projective r-module. Then 
the exact sequence 0 + t&3(X)) --t /3(X) -+ p(X)/t,@(X)) -+ 0 splits. 
Since p(X) is in p, we know that /3(X) is projectively presented over P, 
which means that Horn@(X), t,@(X))) = 0. This implies that 
t,@(X)) = 0 since the exact sequence 
splits. Hence /3(X) e y(X) and is therefore projective. By part (c), this 
implies that X is projective, which finishes the proof. 
(d)(ii) Since P is a Wedderburn projective r-module, we know by 
Proposition 8.2 of [2] that the r-module a(A) = Hom,(M, A) is 
isomorphic to P and is therefore projective. Because of the hypothesis 
that M is a finitely generated A-module we know that 01 = (A!, *) 
commutes with arbitrary sums. Hence a(X) is a projective r-module if X 
is free, which implies that a(X) is a projective r-module if X is projective. 
(e) Since P is a Wedderburn projective r-module we know that the 
canonical ring morphism r-t End,(M)OP is an isomorphism (see 
Proposition 8.2 of [2]). Th us al(M) is a projective r-module which 
implies that a(X) is also a projective r-module for any summand X of M. 
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Before proceeding further, it is necessary to give another description 
of the functor y: Mod A + Mod P. 
PROPOSITION 2.2. For each X in Mod A we have that y(X) = 
%d4Y)~ 
Proof. We first show that r,(a(X)) is in y. Since a P-module Y is in a 
if and only if a minimal injective copresentation 0 -+ Y --t E,, -+ E1 of Y 
has the property Hom,(P, K) + 0 where K is a submodule of Ei for 
i = 0, 1 it follows that if Y is in a, then t,(Y) = 0. Hence t,(a(X)) = 0, 
since D!(X) is in a. Thus it follows that T,(cL(X)) is in y if T,(T,(E(X)) = 
r,(o(X)), but this is obvious. 
Now Hom,(P, r,(a(X)) = Hom,(P, a(X)) = X while 
Homr(P, S(X)/&@(X)) = Hom,(P, B(X)> = X. 
Since T&CL(X)) and /I(X)/t&3(X)) are in y and Homr(P, ): y --t Mod (1 is 
an equivalence of categories, we conclude that 
COROLLARY 2.3. If a A-module X is a summand of M, then y(X) is a 
torsionless r-module. 
Proof. By part (e) of Proposition 2.1, we know that a(X) is a projective 
P-module. By Proposition 2.1 we know that y(X) = 7,(a(X)) which 
is a submodule of the projective P-module CY(X). Hence y(X) is a torsion- 
less P-module. 
Since Homr(P, s): Mod I’ + Mod A induces equivalence of categories 
between a, y and Mod A, it follows that a and y are equivalent categories. 
We now use Proposition 2.2 to give an explicit equivalence from a to y. 
PROPOSITION 2.4. Thefunctor T p : a + y is an equivalence of categories. 
Proof. For each X in Mod A we have by Proposition 2.2 that 
y(X) = T,(~(X)). But y(X) = y Homr(P, a(X)). Hence TV is the composi- 
tion y Hom,(P, a) where Hom,(P, *): a -+ Mod A and y: Mod A -+ y 
are equivalences of categories. That y is an equivalence of categories 
follows from the fact that the composition 
y: ModA-+ModI’- Homy@‘:) Mod n 
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is the identity and Hom,(P, *) restricted to y is an equivalence. There- 
fore TV: a -+ y is an equivalence since it is the composition of two 
equivalences. 
As an application of these results we show how to construct inde- 
composable modules from other indecomposable modules. 
PROPOSITION 2.3. If X is an indecomposable r-module which is 
injectively copresented over P, then T,(M) is also indecomposable and M and 
rp( M) have isomorphic endomorphism rings. 
Proof. Since X is injectively copresented over P, X is in a. Hence the 
equivalence of categories T p: a -+ y carries the indecomposable X to the 
indecomposable T,(X). Also the equivalence rp: a --f y gives an isomor- 
phism between the rings End,(X) and End,(TJX)). 
Assume now that r is a left artin ring and all modules are left 
r-modules. Let X be a F-module and 0 + X -+ E, --f E1 a minimal 
injective copresentation for X. If P is a finitely generated projective 
F-module, then it is easily checked that X is injectively copresented over 
P if and only if V(PjrP) contains V(soc(E,(X) u E,(X))). Hence if M 
is injectively copresented over a finitely generated projective r-module P 
then TJX) and X have the same socles since T,(sOC X) = sot X. Also 
it can be shown that T,(X) + X if and only if V(X/rX) is not contained 
in V(soc(E,(X) fl E,(X)) (where r is the radical of r). 
Assume now that X is a finitely generated r-module. Then associated 
with X is the chain of submodules 
x=xo3x13--3xn3~-~ where Xi+l = Tai(&), 
where Pi is a finitely generated projective F-module such that 
V(PJrP,) = V(soc(Eo(Xi) IJ El(Xi))). 
Since r is artinian and X is finitely generated we have that X, = Xi for 
some i and all n > i. Hence Xi has the property that V(X,/rX,) C 
V(soc(E,(XJ 1l: &(XJ). It should be observed that the submodules Xi 
of X do not depend on the particular choice of the Pi , 
We now look at the above filtration in the special case that r satisfies 
r2 = 0 where r is the radical of F. We want to show that Xi = X1 for 
i 3 1. 
Suppose X is a finitely generated r-module and P is a projective 
r-module with the property V(P,‘rP) = V(soc(E,(X) IJ E,(X)). Let 
X, = T,(x). Since sot X = sot X, , it follows that E,,(X) = &(X1). 
178 AUSLANDER AND REITEN 
Because r2 = 0, we have that sot E,(X) 3 r&,(X). Since sot X1 = 
sot E,,(X), it follows that E&X)/X, is semisimple. Hence 
By definition we have that V(P/rP) = V(soc(E,(X) JJ El(X))). 
Because X1 = T,(X) we have that V(X,/rX,) C V(P/rP). Hence we 
have V(X,/rX,) C V(P/rP) = V(soc(E,(X) u E(X)). Now &(X1) is the 
injective envelope of &,(X,)/X, = E&X)/X, . But we have already seen 
that soc(E,,(X)/X,) 3 soc(&,(X)/X) while E,(X,) = E,(X). Therefore 
V(X,/rX,) C V(soc(E,(X) u E,(X)) C V(soc(E,(X,) u J&(X,)). There- 
fore we have that X2 = Xi , which gives our desired result. 
Given a r-module X, we can reverse the above process to get a 
F-module Y such that X = TJ Y), where Y is injectively copresented 
with respect to P. Let 0 --t X --+ E,(X) -+ E,(X) be a minimal injective 
copresentation for X. Assume that V(soc E,(X)) 0 V(X/rX 1l: sot X). 
Let P be a projective r-module containing the projective cover of each 
simple r-module in X/r-X IJ sot X as a summand, but not the projective 
cover of each simple module in sot E,(X). Let T = t!,(E,(X)). We know 
by the above choice of P that T is not zero. Let Y = f-‘(T). Since 
&(X)/Y is contained in &(X)/T, we have t,(E,(X)/Y) = 0. Since also 
t,(Y) = 0, Y is injectively copresented with respect to P. Clearly 
X C T~( Y). From the exact sequence 0 --t X -+ Y + T + 0 and the fact 
that (P, T) is zero, it follows that X = 7J Y). 
3 
Throughout this section all rings are artin algebras and all modules are 
finitely generated. Let M be a generator for mod rl with /1 an artin 
algebra and let (r, P) = End(n, M). In Section 1 we found necessary 
and sufficient conditions on (r, P) for: (a) V(M) to be closed under 
subobjects (see Theorem 1.6); or (b) M to be torsionless and contain as a 
summand a copy of each indecomposable torsionless A-module. We 
now utilize our previous results to determine what it means about 
(r, P) that n satisfies either 
(9 each indecomposable torsionless (I-module is projective or 
simple or (i) and 
(ii) each simple torsionless nonprojective n-module is the factor 
of an injective n-module. 
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THEOREM 3.1. Suppose M has the property that the indecomposable 
summands of M are the indecomposable torsionless A-modules. Let (I’, P) = 
End(A, M). Then A has the property that each indecomposable torsionless 
A-module is projective or simple rf and only if P has the same property. 
Proof. Assume first that each indecomposable torsionless A-module 
is simple or projective. Hence the indecomposable projective P-modules 
are of the type (M, S) or (M, Q), w h ere S is simple torsionless and Q is an 
indecomposable projective. We shall need the following. 
PROPOSITION 3.2. Let A be an artin algebra, M a (finitely generated) 
generator. Let S(fi, a simple A-module and P its projective cover. Then 
Coker((M, rP) ---& (M, P)) is a simple P-module where i: rP -+ P is the 
usual injection. 
Proof. Consider the exact sequence 
0 -+ (n/r, rP) CM*‘) b (M, P) A G -+ 0. 
We want to show that G is simple. We do this by showing that if (M, Q) 
is an arbitrary projective P-module and (M, Q) -+ (M, P) an arbitrary 
morphism, then h is either an epimorphism or zero. 
Let h: (M, Q) -+ (M, P) b e a morphism of P-modules with (M, Q) 
projective. Since Q is in V(M) since (M, Q) is projective and P is also in 
V(M) we know that there is a g: Q + P such that h = (M, g). If (M, g) 
is onto, thenf(M, g) is onto. Assume then that (M, g) is not onto. Then 
g: Q --t P is not onto, for otherwise g would split so that (M, g) would 
be onto. Hence Im g C rP, so that (M, g) factors through 
(M, i): (44, rP) -+ (M, P). 
It fohows that f (M, g) is zero. This discussion shows that G is simple. 
PROPOSITION 3.3. Let A be an artin algebra, N a nonxero semisimple 
A-module with no projective components, M = P IJ N a generator and 
P = End(M)op. If S is a simple nonprojective A-module in V(M), then the 
P-module (M, S) has length 2. 
Proof. Let S be a simple nonprojective A-module and 0 ---f rP + 
P -+ S + 0 an exact sequence of A-modules with P a projective cover of 
S. Consider the following exact sequence 0 -+ (M, rP) --t (M, P) -+ 
(M, S) -F -+ 0 of P-modules. First we observe that (M, P) --f (M, S) 
is not surjective. For if it were, P -+ S would split since S is in V(M) 
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and this contradicts the assumption that S is not projective. Hence to 
show that (M, S) has length 2 it suffices to show that F is simple since by 
Proposition 3.2 we know that Ker((M, S) --+ F) is simple. We do this by 
showing that if P, is an indecomposable projective r-module and 
j: Pi + (M, S) is a nonzero morphism which is not an epimorphism, 
then jf = 0. 
Since Pr is an indecomposable projective F-module, there is an 
indecomposable A-module Q in V(M) such that PI = (M, Q). Because 
S is in Ir(M), we know there is a morphismg: Q -+ S such thatg’ = (M, g). 
Since Q is in V(M) and is indecomposable, Q is either projective or 
simple. If Q were simple, then g: Q -+ S would either be an isomorphism 
or zero which would contradict the fact that j is not surjective or zero. 
Hence Q must be an indecomposable projective. Since g: Q ---f S is 
not zero, Q must be a projective cover for S. Hence there is a t: Q -+ P 
such that g = ht. Therefore (M, g) = (M, h)(M, t) which shows that 
fj = f (M, h)(M, t) = 0. Th is completes the proof of the lemma. 
We now use this result to prove the following. 
PROPOSITION 3.4. Let A be an artin algebra such that each inde- 
composable torsionless module is simple or projective. Let M be a generator 
such that M = P u N, where N is semisimple, and has no projective 
summands and P is projective. Then each indecomposable torsionless 
P-module is simple or projective where r = End(M)DP. 
Proof. Let {Pi} b e a finite family of indecomposable projective 
modules such that every indecomposable submodule of each P* is 
projective or simple and P = C Pj . Then every indecomposable 
submodule of P is also projective or simple (see [4]). Hence to show that 
an indecomposable torsionless r-module F is either projective or simple 
it suffices to do so under the additional hypothesis that F is contained in 
an indecomposable projective F-module. 
Let F be an indecomposable torsionless r-module. Suppose F C (M, S) 
where S is a summand of N. By Lemma 3.3 (M, S) has length 2. There- 
for in this case F is either projective or simple. The only other case one 
has to consider is that F is contained in an indecomposable r-module of 
the form (M, P) where P is an indecomposable nonsimple projective 
A-module. 
Suppose F is an indecomposable torsionless nonprojective r-module 
and i: F + (M, P) is a monomorphism with P an indecomposable 
projective A-module. Let (M, Q n CiEj S,) A F be a projective cover 
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for F where the Si are simple d-modules which are summands of N and 
Q is a projective A-module. Then there is a morphismf’: Q u C Si -+ P 
such that (M,f’) is the morphism if: (M, Q JJ C SJ -+ F. Let 
h: Q u C S, +L be the canonical epimorphism such that f’ is the 
composition of h and the inclusion morphism L -+ P where L = Imf’. 
Obviously F = Im(M, h). 
The fact that F is indecomposable together with the fact that 
is a projective cover imply that the morphism h: Q u &, Si + L is 
indecomposable. For if h = hi 1l: h, , then 
F = Im(M, h) = Im(M, &) fl Im(M, A,), 
Hence either Im(M, h,) = 0 or Im(M, h,) = 0 since F is indecom- 
posable. Suppose (M, h,) = 0. Then there is a summand Y of Q IJ C S, 
such that (A!.?, h,): (M, V) + F is zero. Since (M, Q JJ &, &) -+ F is a 
projective cover, it follows that (M, V) = 0 or equivalently I’ = 0. 
Thus h, = 0 which shows that the epimorphism h: Q JJ Cisl Si +L is 
indecomposable. 
Let L = C Li where each Lj is indecomposable. By the hypothesis on 
A we know that each Li is simple or a nonzero projective. We now show 
that no Lj is a nonzero projective. This follows from the easily verified 
general fact that if A Y B is a morphism and there is a decomposition 
B = B, IJ B, such that the composition A J B pi B, (projection) 
is an epimorphism which is splitable, then u can be written as a sum of 
morphisms. 
Al&B1 
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Suppose now that L, is a nonzero projective. Then the composition 
Q u C S, + L -+ L, splits since it is an epimorphism, with L, projective. 
Hence by our observation above it follows that Q JJ C Si 1 C Li can 
be written as a sum. Since h is indecomposable this means that Lj = 0 
for j # 1. Hence h:Q nCSi + L splits which implies that F is 
projective. This contradiction shows that no Lj is a nonzero projective. 
Therefore L = LT. Li is semisimple. Hence F C u(M, Li) with each Lj 
simple. By Lemma 3.3 we know that each indecomposable submodule of 
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(M, Li) is simple or projective. Hence by the result cited in the beginning 
of the proof we know that F is projective or simple. 
Returning to the proof of Theorem 3.1 it is obvious that as an 
immediate consequence of Proposition 3.4 we have the following portion 
of Theorem 3.1. 
COROLLARY 3.5. Let A be an artin algebra and M a torsionlessgenerator 
which contains a copy of each indecomposable torsionless A-module. Let 
(F, P) = End(A, M). If A h as the property that each indecomposable 
torsionless A-module is projective or simple, then I’ has the same property. 
Proof. In Proposition 3.4, let M be a torsionless generator which 
contains each indecomposable A-module. 
The rest of Theorem 3.1 is an immediate consequence of the following. 
PROPOSITION 3.6. Let A be an artin algebra, M a (finitely generated) 
generator, r = End(M) OP. Assume that each indecomposable torsionless 
F-module is projective or simple. Then 
(a) Each indecomposable torsionless A-module is projective or simple. 
(b) M= PUN, where N is semi-simple without projective 
summands, and P is projective. 
Proof. To prove (a) and (b) it is enough to show that each inde- 
composable nonprojective submodule X of a finite sum of copies of M 
is simple. Since a( lJ M) is projective, and 01 is left exact, a(X) is torsion- 
less. Hence y(X) which is contained in a(X), is torsionless. By Proposi- 
tion 2.1, y(X) is a nonprojective indecomposable F-module. By the 
assumption on r, y(X) is then a simple F-module. Hence X is a simple 
A-module by Proposition 2.1, and the proof of the proposion is complete. 
We now want to start studying artin algebras stably equivalent to 
hereditary algebras. As the first step in this direction we prove the 
following. 
PROPOSITION 3.7. Suppose A is an artin algebra satisfying the condition 
that every indecomposable torsionless module is either projective or simple. 
Let M be a torsionless generator which contains as a summand a copy of each 
indecomposable torsionless module and let (.F, P) = End(A, M). 
Then A has the property that each torsionless nonprojective simple module 
is a factor of some injective module if and only sf F has the same property. 
The proof is divided into several steps. 
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LEMMA 3.8. If I’ is an artin algebra with the properties (i) each 
indecomposable torsionless P-module is simple or projective, (ii) each 
torsionless simple nonprojective Ikodule S is the factor of some injective 
P-module, then each such S is the factor of E(P), where P is the projective 
cove7 of S. 
Proof. Let S be a torsionless nonprojective simple r-module, 
P --t S a projective cover for S and E(P) an injective envelope of P. If 
we show that P is not contained in rE(P), then the monomorphism 
PjrP -+ E(P)/rE(P) shows that S m P/rP is isomorphic to a submodule 
of the semisimple module E(P)/rE(P). Hence S is a factor of E(P)/rE(P) 
which is our desired result. We now show that P is not contained in 
rE(P). 
Suppose to the contrary that PC rE(P). Since PC rE(P) we know that S 
is isomorphic to the composition factor PIrP of rE(P) which has the 
property that the composition P/rP + rE(P) + rE(P)/soc rE(P) is not 
zero (remember P is not simple and so P is not contained in sot rE(P). 
Let f: Q + E(P) be a projective cover. We claim that rQ 1 sot Q. For if 
not then Q contains a simple projective summand T. Since QirQ g 
E(P)/rE(P), T is also a summand of E(P)/rE(P). Because T is projective, 
we see that T is summand of E(P). Therefore Tan injective submodule of 
the indecomposable module P and so T = P. This implies that S = P, 
which contradicts the fact that S is not projective. Hence we have that 
rQ 1 sot Q. 
Thus the epimorphism f: Q -+ E(P) induces an epimorphism 
rQ/soc Q -+ rE(P)/ sot E(P). Since rE(P)/ sot E(P) has a composition 
factor isomorphic to S, we see that rQ/soc Q also has a composition 
factor isomorphic to S. But this contradicts ([3], Theorem 10.1) which 
states that if Q is any projective module over r and S any nonprojective 
simple torsionless module, then Hom(S, rQ/K) = 0 for any submodule 
IT.3 socQ. 
LEMMA 3.9. Let A be an artin algebra, M a torsionless generator of the 
form M = P u N where N is semisimple no component of which is 
projective and which contains a copy of each torsionless nonprojective 
simple A-module. Let r = EndA OP and assume that both A and P have 
the property that each indecomposable torsionless module is simple or 
projective. 
Then P has the property that each simple, torsionless P-module is a 
factor of an injective module if and only if each summand S of N is the 
factor of an injective module. 
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Proof. We begin by describing the simple torsionless nonprojective 
r-modules in terms of the simple factors of N. 
To do this we again use the functor y: Mod A -+ Mod I’. Suppose S 
is a simple summand of N. Thus S is a simple torsionless nonprojective 
summand of N and so by Proposition 2.1 we know that y(S) C a(S) 
is a simple torsionless nonprojective r-module. 
On the other hand suppose F is a simple torsionless nonprojective 
r-module. Since F is torsionless, F is contained in a projective r-module. 
Since F is also simple there is a monomorphism i: F + (M, Q) with Q 
an indecomposable summand of M. Let Q be the shortest such module. 
Then if (M, A) A F is a projective cover for F, there is a morphism 
g: A --+ Q such that (M, g) = $ H ence Im i C (M, Img) which by the 
minimality of Q implies that Img = Q. 
We now show that Q is simple. If not, Q is projective and so the 
epimorphism g: A -+Q splits. This implies that (M, A) -+ (M, Q) and 
hence F --+ (M, Q) splits. But this contradicts the fact that F is not 
projective. Therefore Q is a simple submodule of N such that 
F C (M, S) = a(S). S ince a(S) has length 2 (Proposition 2.1) and is 
indecomposable because S is indecomposable (remember the fact that M 
is a generator implies that ol: Mod II --f Mod I’ is fully faithful), 
sot a(S) is simple. Therefore F = y(S) C a(S). Therefore we have 
shown that the map S -+ y(S) establishes a bijection between the 
isomorphism classes of torsionless nonprojective simple n-modules and 
the torsionless, nonprojective simple r-modules. 
Next we show that a simple summand S of N is a factor of an injective 
A-module, if and only if the y(S) is a factor of an injective r-module. 
Suppose S is a factor of an injective cl-module. We saw in Lemma 3.8 
that if P -+ S is a projective cover for S, then S is a factor of E(P). Since 
S is not projective, P is not simple and S is a proper factor of E(P) = E. 
Let E 5 S be a nonzero morphism. Iff splits, then S would be injective 
and hence projective since it is torsionless. But by hypothesis S is not 
projective. Therefore f does not split. 
Recall now that a: Mod (1---t Mod r is a fully faithful functor since M 
is a generator. Therefore a( f ): a(E) + a(S) is not zero. Also it is not an 
epimorphism. For if it were, a(f) would split since a(S) is projective. 
The fact that 01 is fully faithful then implies that f : E -+ S splits, which 
we have already seen is false. Thus Im a( f ) = y(S) since the length of 
a(S) is two and a(S) is indecomposable. Hence y(S) is a factor of the 
r-module a(E) which is injective since E is injective and 01 preserves 
injectives. 
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Suppose that y(S) is a factor of an injective r-module. Since y(S) is 
simple torsionless, nonprojective, we know that there is an epimorphism 
W) - Y(S) CL emma 3.8). E(P) is th e envelope of a projective cover P 
for y(S). Hence P = a(X) for some X in V(M). Then E(P) = ol(E(X)) 
where E(X) is the injective envelope of X. Since the composition 
4E(X)) - Y(S) + cu(S) is not zero, the morphism U: E(X) + S such 
that a(~) is this composition is not zero. Thus S is a factor of the 
injective E(X). This finishes the proof that S is a factor of an injective 
A-module if and only if y(S) is a factor of an injective r-module. This 
also finishes the proof of Lemma 3.9 since we have already shown that 
the map S -+ r(S) gives a bijection between the isomorphism classes of 
simple torsionless nonprojective A-modules and those r-modules of the 
same type. 
We can now state the main result of this section. 
THEOREM 3.10. Let A be an artin algebra with a jinite number of 
indecomposable torsionless modules, and let M be torsionless which contains 
as a summand one copy of each of them. Let r = End,(M)Op. Then A is 
stably eqivalent to an hereditary algebra if and only ;f r is. 
Proof. By Proposition 3.1 and Proposition 3.7 we know that A 
satisfies the following conditions if and only if r does, namely (i) each 
indecomposable torsionless module is projective or simple and (ii) 
each simple torsionless module is a factor of an injective. The theorem 
now follows from [3] where it was shown that an artin algebra is stably 
equivalent to an hereditary artin algebra if and only if it satisfies (i) 
and (ii). 
4 
In this section we shall give some examples of artin algebras having 
one of the properties (i) and (ii), but not the other. Some of the examples 
are based upon results from the previous section. Further, we show how 
to construct artin algebras stably equivalent to hereditary algebras of any 
Loewy length combined with any global dimension. We end the section 
by showing that the representation dimension (as introduced in [l]) of 
an artin algebra stably equivalent to an hereditary algebra is at most 3. 
The following result is an immediate consequence of Lemma 3.9, 
and will provide us with a big class of artin algebras having property (i), 
but not (ii). 
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PROPOSITION 4.1. Let A be an artin algebra with property (i), 
M = A u N, where N is semisimple and contains a copy of all the simple 
torsionless (nonprojective) A-modules. Assume that there is a summand S of 
N which is not the factor of an injective A-module. Then I’ = End,(M)On 
has property (i), but not property (ii). 
As a special case we have the following. 
COROLLARY 4.2. Let A be an hereditary algebra, S a simple A-module. 
Then r = End(A JJ S)oP has property (i). P has property (ii) zf and 
only if S is injective. 
To mention a specific example, let 
Then S, = Pz/rPz is not injective. Hence r = End(A JJ S2)OP will have 
property (i), but not (ii). 
We give two other specific examples of a different kind. 
EXAMPLE 4.3. 
A= /[: E !],q,a,,,,tield/ 
satisfies condition (i), but not (ii): Let 
el=(ij I i), e2=[ 1 !). 
PI = fle, , Pz = Ae, , S, = Ae,/re, , S,= fle,/re, . 
Then the submodules of P, and Pz are PI, Pz and S, , hence simple 
or projective. But S, is a torsionless simple nonprojective module which 
is not the factor of any injective module. 
EXAMPLE 4.4. 
, ai , 01 E k, a field 
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satisfies condition (ii), but not (i): Let 
Here PI = /le, has an indecomposable submodule which is neither 
projective nor simple. And (ii) holds, since S, is projective and S, is not 
torsionless, and these are the only simple (l-modules. 
The two last examples show at the same time that neither (i) nor 
(ii) is left-right symmetric. That (i) and (ii) is left-right symmetric 
holds, since being stably equivalent to an hereditary algebra is. 
In view of the above, we point out that in [4] we have shown a more 
general result which specializes to the following. 
PROPOSITION 4.5. If A is I-Gorenstein and satisJies (i), then II also 
satisjies (ii). 
We have already shown that each artin algebra with properties (i) 
and (ii) is the endomorphism ring of a particular projective module 
over a ring of global dimension at most 2, with properties (i) and (ii). 
We next want to show that for an artin algebra stably equivalent to an 
hereditary algebra, any global dimension can occur combined with any 
Loewy length. 
In [4] we have characterized the I-Gorenstein dualizing R-varieties 
stably equivalent to an hereditary dualizing R-variety. We specialize 
this description to the case of artin algebras. To an indecomposable 
nonsemisimple 1-Gorenstein artin algebra stably equivalent to an 
hereditary algebra there is associated a division algebra L) and a finite 
sequence or a cycle of numbers (ni ,..., nk), unique up to cyclic permuta- 
tion, where ni > 2. Conversely, any such sequence or cycle (ni ,..., Q), 
together with a division algebra D, determines a I-Gorenstein algebra 
stably equivalent to an hereditary algebra. If k > 1, the simple cl-modules 
are S, ,..., Sk , and Hom(E(&), S,+r) = D, for i = l,..., k - 1, and also 
Hom(E(S,), S,) = D if we have a cycle. L(E(S,)) = nzi . In particular, 
LL(A) = max{n,, i = I,..., K}. We then have the following result, whose 
proof is straightforward. 
PROPOSITION 4.6. Let A be a 1-Gorenstein artin algebra stably 
equivalent to an hereditary algebra. Let (nl ,..., nk) be the associated 
sequence or cycle. 
%‘b7/2-7 
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6) Y(n, ,..., n,J is a cycle, then 
gl.dim. A = I co’ if ni = 2 for all i, 2 + t, otherwise, 
where t is the maximal number of consecutive 2’s in the cycle. 
(ii) If (n, ,..., nk) is a sequence, then 
gl.dim. A = I 
1, if K=l, 
2 + t, if k>l, 
and t is the maximal number of consecutive 2’s in the sequence 
(n2 ,..., s-d. 
We point out that we can get examples with any Loewy length also 
when A is not I-Gorenstein, by starting with any algebra of Loewy 
length 2, and taking endomorphism rings of the sum of one copy of each 
of the torsionless A-modules. 
We end this section by showing another property of the algebras 
stably equivalent to hereditary algebras. In [l], the concept of representa- 
tion dimension of an artin algebra A, rep.dim. A, was introduced as a 
way of measuring how far A is from being of finite representation type. 
One considers all generators M over A which contain the injective 
A-modules and looks at r = End,(M)OP. The minimal value for 
gl.dim. r was defined to be rep.dim. A. It was shown that rep.dim. A < 2 
if and only if A is of finite representation type. It was already established 
in [l] that rep.dim. A < 3 if A is hereditary or if the Loewy length of 
A is 2. In each of these cases A is stably equivalent to an hereditary 
algebra [4]. 
PROPOSITION 4.7. If A is stably equivalent to an hereditary algebra, 
then rep.dim. A < 3. 
Let M = P u S, where P contains all indecomposable projective and 
injective A-modules as a summand and S is the sum of one copy of all the 
torsionless nonprojective simple A-modules. Then V(S) is clearly 
closed under factor modules. Since every indecomposable torsionless 
nonprojective A-module is simple, it is in V(S). Further every non- 
injective cotorsionless module is also simple (by symmetry), and is (also 
by symmetry) torsionless, and hence in V(S). By ([3, Proposition 10.41) 
we can now conclude that gl.dim.End(M)OP < 3. Hence we conlude 
that resp.dim. A < 3. 
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It would be interesting to know if in general stably equivalent artin 
algebras have the same representation dimension. 
5 
In this last section we consider the following two questions. 
(1) If (1 and LI’ are stably equivalent, do they have the same number 
of nonprojective simple modules ? 
(2) If rl and (1’ are stably equivalent, is LL((I) = LL(/1’) ? 
We answer both questions in the affirmative for artin algebras stably 
equivalent to hereditary algebras. 
(1) remains open in general, but is also known to be true for certain 
stably equivalent group rings and as we shall show in [6], for stably 
equivalent Nakayama algebras. 
(2) is also true for stably equivalent Nakayama algebras [6]. However, 
we present an example to show that (2) does not hold in general. In fact 
U(d) can be 3, whileLL((I’) is arbitrarily big. 
We recall that mod, n denotes the full subcategory of mod /l whose 
objects are the finitely generated (I-modules with no injective summands. 
mod A/E denotes the category of finitely generated /l-modules modulo 
injectives, whose objects we denote by M. 
LEMMA 5.1. Letf: M -+ N be a morphism in modE A. Then: 
(a) If f: M + N is a nonzero monomorphism, then f : M -+ m is 
not zero. 
(b) If f : M -+ iV is a monomorphism in mod A/E, then f : M + N is 
a monomorphism in mod, A. 
(c) J : a + m is an isomorphism if and only zyf : M--f N is. 
Proof. Assume that f: M -+ N is a nonzero monomorphism and 
J : z -+ w is zero. Then we have a commutative diagram 
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where E(M) is the injective envelope of M. Since f is a monomorphism 
and i: M + E(M) is an essential extension, g is also a monomorphism. 
Hence g: E(M) -+ N splits, since E(M) is injective. This contradicts 
the fact that N is in mod= A. Therefore f is not zero. 
Assume now that f : M -+ N is a monomorphism. Let L = Ker f, so 
that O+L~MMN+O is exact. Since fh = 0, fh=jld = 0. 
Because J is a monomorphism, Iz: E -+ M must be zero. By (a) we then 
conclude that h: L + M is zero, since h is a monomorphism. Hence 
f: M -+ N is a monomorphism. In [3] we proved that for M, N in 
mod, A, f : M--t 8 is an isomorphism if and only if f: M + N is. This 
finishes <he proof of the lemma. 
To be able to conclude that a monomorphism f: M -+ N in mod, A 
gives a monomorphism J : M + N, we need some hypothesis on the 
algebra A. 
PROPOSITION 5.2. Suppose that mod A/E has kernels, and let 
f : M---f N be a map in mod A/E. Then the following are equivalent. 
(a) f is a monomorphism in mod A; 
(b) f is a monomorphism in mod, A; 
(c) j is a monomorphism in mod A/E. 
Proof. Obviously mod, A is closed under subobjects. From this and 
the fact that mod, A is a full subcategory of mod A, it follows that if 
f: M -+ N is a morphism in mod, A, then Ker f + M in mod A is also 
a kernel for f in mod, A. Hence (a) and (b) are equivalent. Thet (c) 
implies (b) follows from Lemma 5.1. We now show that (b) implies (c). 
Let f: M -+ N be a nonzero monomorphism in mod, A. Since by 
assumption mod(A)/E h as kernels, we know there is a sequence 
L~M~Ninmod,AsuchthatO+Z~M~NisexactinmodA/E. 
We know by Lemma 5.1 that g: L + M is a monomorphism since 
g: L -+ M is a monomorphism. Hence gf is a monomorphism. Since 
gf = $ = 0 and gf is a monomorphism it follows from Lemma 5.1 
that gf = 0. Because f is a nonzero monomorphism andgf = 0, we have 
that g = 0. Hence L = 0 since L + M is a monomorphism. The fact 
that 0 --t L - M -+ N is exact shows that1 : M -+ N is a monomorphism 
since L = 0. 
By the length L(M) of M in mod(A)/E, we mean the length of the 
longest possible chain of proper monomorphisms, i.e., monomorphisms 
which are not isomorphisms. We then have as an immediate consequence 
of Proposition 5.2, the following. 
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COROLLARY 5.3. Assume that mod A/E has kernels, and let M be in 
mod, A. Then L(M) = L(M). 
Proof. Follows from Proposition 5.2 and part (c) of Proposition 5.1. 
PROPOSITION 5.4. If A and P are stably equivalent artin algebras each 
of which is stably equivalent to an hereditary algebra, and H: mod A/E -+ 
mod P/E is an equivalence of categories, then L(M) = L(H(M)) for all M 
in mod,(A), where H also denotes the map of objects H: modE A --t mod, l7 
Proof. The proof is immediate by the above, since mod A/E and 
mod P/E have kernels [3]. 
We are now ready to answer the first question for algebras stably 
equivalent to hereditary algebras. 
THEOREM 5.5. If A and P are stably equivalent artin algebras each 
of which is stably equivalent to an hereditary algebra, then A and I’ have 
the same number of nonprojective (noninjective) simple modules. 
Proof. Since H: mod, A + mod, r preserves length, H gives a 
one-one correspondence between the noninjective simple modules. 
In particular, we have the same number. By duality, we have the same 
number of nonprojective simple modules also. 
We now go on to consider the question of how the Loewy lengths of 
stably equivalent algebras are related. We shall need the following. 
LEMMA 5.6. Let A and P be stably equivalent artin algebras each of 
which is stably equivalent to an hereditary algebra. Then there is a one-one 
correspondence between the isomorphism classes of indecomposable nonsimple 
projective injective modules, which preserves Loewy length. 
Proof. By hypothesis we have an equivalence of categories 
H: mod A/E + mod T/E. 
We shall also use H to denote the one-one correspondence between the 
indecomposable objects of mod, A and mod, r induced by the above 
equivalence. 
By Proposition 5.4 H gives a one-one correspondence between the 
simple noninjective modules over A and r. By [3] we know that if S 
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is a simple cl-module, then E(S) is projective if and only if E(H(S)) is 
projective. Since the indecomposable projective injective modules 
have the form E(S) for some simple module S we get a one-one corre- 
spondence between the indecomposable projective injective nonsimple 
modules over fl and I’. 
We next want to show that Loewy length is preserved under this 
correspondence, i.e., that U(E(S)) = LL(E(H(S))) if S is simple and 
E(S) is projective. Let E(S) be projective of Loewy length n 3 2. All 
submodules of E(S) are indecomposable, and riE(S) is projective for 
i < n - 1, since riE(S) is then not simple. Hence riE(S)/ri+lE(S) is 
simple for i < n - 1, which shows that 
0 = PI?(S) C rn-lE(S) C *.* rE(S) C E(S) 
is a composition series for E(S). Since H preserves monomorphisms, 
we have a sequence of proper monomorphisms 
0 + H(S) + H(rne2E(S)) -+ a** -+ E(H(S)). 
This shows that L(E(S)) = U(E(S) < L(E(H(S)), and since obviously 
-qJw(S)) = W-w(S)), we have LL(E(S)) < LL(E(H(S). Hence 
U(E(S)) = U(E(H(S))) by symmetry. 
The proof of the assertion that U,(A) = LL(J’) for stably equivalent 
algebras which are stably equivalent to hereditary algebras depends on 
the following lemma concerning an additive category A satisfying: 
(i) Each object is uniquely the finite sum of indecomposable objects. 
(ii) Each object A in A hasjnite length which we denote by L(A). 
(iii) Each indecomposable object B in A has a unique maximal 
subobject A -+ B. That is, L(B) = L(A) + 1, and if A’ -+ B 
is another subobject of B satisfying L(B) = L(A’) + 1, then 
there is an isomorphism g: A -+ A’ such that f = f ‘g. 
LEMMA 5.7. Let A be an additive category with the above properties. 
Then there is a unique function LL from the nonxero objects of A to the 
positive integers satisfying: 
(a) lfB=uBBi($ t d ni e irect sum), then LL(B) = JJ LL(B,). 
(b) If B is simple, then LL(B) = 1. 
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(c) If B has a unique maximal subobject A 5 B, then LL(B) = 
LL(A) + 1. 
Proof. We prove the uniqueness of LL by induction on the length. 
Assume that LL and LL’ both satisfy (a), (b), and (c). If B is simple, then 
LL(B) = 1 = LL’(B). A ssume that LL(B) = LL’(B) if L(B) < n, and 
let L(B) = n. If B decomposes, LL(B) = LL’(B) by (a) and the induction 
hypothesis. If B is indecomposable, then by (iii) there is a unique 
maximal subobject A --+ B, and by (c) 
U(B) = L&4) + 1 = U’(A) + 1 = IL’(B). 
We also prove the existence of LL by induction on the length. If B is 
simple, we define LL(B) = 1. Assume that LL(B) is defined for L(B) < n, 
and let L(B) = n. If B decomposes as B = u[ B, , we define LL(B) = 
u LL(B,), which defines LL(B) uniquely by (i). If B is indecomposable, 
there is a unique maximal subobject A -& B of B. Define LL(B) = 
LL(A) + 1. It is then clear that LL satisfies (a), (b), and (c). 
We now want to apply our lemma to the case where A is V(T) where T 
is the sum of one copy of each indecomposable torsionless noninjective 
cl-module, and also the case where A is V(T). (1 is supposed to be an 
artin algebra stably equivalent to an hereditary algebra. (i) and (ii) are 
obviously satisfied for V(T) and V(T). (iii) holds for V(T) since each 
indecomposable torsionless A-module is simple or projective. We claim 
that (iii) also holds for V(T). 
The proof of this statement is based on the fact that a monomorphism 
f : A + B in modE d is maximal if and only if f : A --f B is maximal in 
mod cl/E. This follows easily from the fact that f in modB (1 is a mono- 
morphism or an isomorphism if and only if f in mod A/E is a mono- 
morphism or an isomorphism. 
Consider P, where P is an indecomposable nonsimple projective 
module. We want to show that rP-& P is a unique maximal subobject. 
It is clearly maximal. If A ’ - + P was another maximal subobject, A L P 
would be a maximal subobject, so we would have the commutative 
diagram 
rP”P 
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hence the commutative diagram 
which shows that pf P is the unique maximal subobject of P. 
We are now able to prove the following. 
PROPOSITION 5.8. Assume that A and A’ are stably equivalent artin 
algebras and which are stably equivalent to an hereditary algebra. Let 
H: mod(A)/E + mod(A)/22 be the given equivalence. If P is an inde- 
posable noninjective projective A-module, then LL(P) = LL(H(P)). 
Proof. Let T be the sum of one copy of each of the indecomposable 
torsionless noninjective A-modules, and denote by LL the unique 
functions as defined above on the two categories V(T) and V(T). Since 
LL clearly coincides with the usual Loewy length on V(T), it is then 
sufficient to show that for a torsionless noninjective A-module P, 
LL(P) = LL(P). w e use induction on L(P). If L(P) = 1, then LL(P) = 
LL(P) = 1. Assume that we have equality for L(P) < n. Let L(P) = n. 
If P decomposes, we clearly get LL(P) = LL(P). If P is indecomposable, 
then LL(P) = I + LL(S) = LL(P). This finishes the proof. 
We finally are able to finish the proof of the following. 
THEOREM 5.9. If A and A’ are stably equivalent artin algebras, 
stably equivalent to an hereditary algebra, then LL(A) = LL(A’). 
Proof. We have already seen that our given equivalence 
H: mod A/E -+ mod A/E 
gives a one-one correspondence between the nonsimple noninjective 
projective indecomposable modules of A and A’. By Proposition 5.8 
LL(P) = LL(H(P)) if P is a (nonsimple) noninjective projective inde- 
composable A-module. Also H gives a one-one correspondence between 
the nonsimple projective injective modules which preserves Loewy 
length (Lemma 5.6). Therefore LL(A) = LL(A’). 
COROLLARY 5.10. If A and r are stably equivalent artin algebras and 
LL(A) = 2, then LL(r) = 2. 
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Proof. Follows immediately from Theorem 5.9 once one recalls 
that fl is stably equivalent to an hereditary artin algebra if X((I) = 2 [4]. 
We now give examples to show that if A and r are stably equivalent 
artin algebras and X(/l) > 3, then U(r) can be arbitrarily big. 
EXAMPLE 5.11. In [5] it was pointed out that the group G = LF(2, p) 
for p an odd prime has the following properties. The order of G is 
Q(P - l)P(P + 11, and the p-Sylow subgroup P of G is cyclic of order p. 
U(KG) = 3 for all p, where K is an algebraically closed field of charac- 
teristicp. Let N = N(P) be the normalizer of P in G. It is then not hard 
to see that U(RN) = p. 
That KG and KN are stably equivalent follows from the following 
result of J. A. Green. 
THEOREM 5.12 (Green). Let G be a jinite group, k a field of charac- 
teristic p and P its p-Sylow subgroup. Let N = N(P) be the normalizer 
of P in G, and assume that gPg-’ = (1) for g 4 N. Then KG and kN are 
stably equivalent. 
Since in our case P is of prime order, the condition gPg-’ = (1) for 
g 6 N is obviously satisfied. Thus since LL(kG) = 3 and LL(kN) = p, 
p any odd prime, we get our desired examples. 
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